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Abstract
We study impacts of dimension-five lepton-number violating operators associated with two same-
sign weak bosons, ℓ±ℓ′±W∓W∓, on current and future experiments for neutrino oscillation, lepton-
number violating rare processes and high-energy collider experiments. These operators can contain
important information on the origin of tiny neutrino masses, which is independent of that from
the so-called Weinberg operator. We examine constraints on the coefficients of the operators by
the neutrino oscillation data. Upper bounds on the coefficients are also investigated by using the
data for processes of lepton number violation such as neutrinoless double beta decays and µ−-e+
conversion. These operators can also be directly tested by searching for lepton-number violating
dilepton production via the same-sign W boson fusion process at high-energy hadron colliders like
the Large Hadron Collider. We find that these operators can be considerably probed by these
current and future experiments.
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I. INTRODUCTION
In 2012, the Higgs boson was discovered at the LHC [1], and the existence of all particles
predicted in the Standard Model (SM) was confirmed empirically. On the other hand, the
SM cannot explain some observed phenomena, such as baryon asymmetry of the Universe [2],
the existence of dark matter [3] and neutrino oscillation [4]. It is one of the important goals
of current particle physics to establish the theory beyond the SM which can explain the
origin of these mysterious phenomena.
The observed neutrino oscillation indicates that neutrinos have small but non-zero masses.
This smallness would suggest that the origin of small neutrino masses is different from
the electroweak symmetry breaking. It would be natural to consider that neutrinos have
Majorana-type masses, instead of Dirac-type masses. In this case, the theory beyond the
SM is expected to have a source of Lepton Number Violation (LNV) at high energies, which
provides the origin of tiny Majorana-type masses of neutrinos at low energies.
Such a high-scale physics may be well described by Effective Field Theories (EFTs) with
the electroweak gauge symmetry. One of the most important operators of LNV is so-called
the Weinberg operator [5], which is a dimension-five operator. There are many models
where small Majorana masses of neutrinos are generated via the Weinberg operator, like
the type-I [6, 7], the type-II [7, 8], the type-III seesaw mechanisms [9], and models where
neutrino masses are radiatively generated at one-loop [10, 11], two-loop [12, 13] and three-
loop level [14, 15].
If the lepton number is not conserved at high energies, we generally have various higher-
dimensional operators of LNV [16–22], in addition to the Weinberg operator. After the
electroweak symmetry breaking, some of them yield the dimension-five charged LNV oper-
ators ℓ±ℓ′±W∓W∓ where ℓ(ℓ′) represents a charged lepton e, µ or τ , and W± are the weak
bosons. Electroweak gauge invariant origins of these dimension-five operators are dimension-
seven (dimension-nine) operators in the case that leptons in the operators are left-handed
(right-handed) [16, 17]. In general, their coefficients are independent of that of the Weinberg
operator, and can be related to neutrino masses [17, 23, 24].
There are many low-energy experiments searching for LNV phenomena, such as neutrino-
less double beta decays (0νββ) [25–31], muon-positron (µ−-e+) conversion processes [32–34],
rare meson decays [35–38], and so on. Currently, the 0νββ experiments give the stringent
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upper bound on the absolute value of (mν)ee, the (e, e) element of the neutrino mass ma-
trix [26], which is so-called the effective neutrino mass. In addition, new further 0νββ
experiments being planned, and some of them will reach the lower limit of |(mν)ee| for
the scenario of the inverted hierarchy [39]. The µ−-e+ conversion processes were searched
at the SINDRUM-II experiment [32]. Some next generation experiments are going to be
performed [33, 34]. In addition, there are some experiments searching the LNV decays of
charged mesons or τ lepton [35–38].
LNV phenomena can also be tested at future collider experiments. In Ref. [20], this
possibility has been studied in the EFT approach. Searching new particles which cause
the LNV at hadron collider experiments has also been studied in various ultraviolet (UV)
complete models, such as the Type I seesaw model [40], the Type II seesaw model [41–43],
the Left-Right symmetric model [44, 45] , and so on [46, 47]. The signature of the Majorana
nature at e+e− or e−e− collider experiments has been studied in Refs. [48–51]. Experimental
searches for the LNV at the Large Hadron Collider (LHC) are in Refs. [52, 53]. In 2018, the
same-sign W boson fusion process was observed at the LHC [54]. We expect that, in the
near future, we can test the LNV signal from the same-sign lepton pair production via the
same-sign W boson fusion processes pp→W+W+jj → ℓ+ℓ+jj.
In this paper, we study impacts of dimension-five LNV operators associated with two
same-sign weak bosons, ℓ±ℓ′±W∓W∓, on current and future experiments for neutrino os-
cillation, LNV rare processes and high energy collider experiments. These operators can
contain important information on the origin of tiny neutrino masses, which is independent
of that from the Weinberg operator. We examine constraints on the coefficients of the LNV
operators by the neutrino oscillation data. Upper bounds on the coefficients are also in-
vestigated using the data for LNV processes such as neutrinoless double beta decays and
µ−-e+ conversion. These operators can be directly tested by the lepton number violating
processes via the same-sign W boson fusion process at high energy hadron colliders, like
the LHC. It is found that these operators can be considerably probed by these current and
future experiments.
This paper is organized as follows. In Sec. II, we define the dimension-five LNV operators,
ℓ±ℓ′±W∓W∓, and discuss the relation to the operators symmetric under the electroweak
gauge symmetry. In Sec. III, we consider neutrino masses which are generated by the
ℓ±ℓ′±W∓W∓ operators. They are generated at loop level and have UV divergences from loop
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integrals. We show that these divergences can be renormalized by using higher-dimensional
counter terms at the loop level we calculate, and we can use the data of neutrino mass
matrix as the input parameters of the renormalization procedure. In Sec. IV, we derive tree-
level constraints for ℓ±ℓ′±W∓W∓ from neutrinoless double beta decays and muon positron
conversion. In Sec. V, we investigate the LNV signal via the ℓ±ℓ′±W∓W∓ operators at
the LHC. Conclusions are given in Sec. VI. In Appendix A, we show two renormalizable
models which realize the ℓ±ℓ′±W∓W∓operators with left-handed charged leptons via gauge
invariant dimension-seven LNV operators. In Appendix B, detailed calculations for the
renormalization of two-point functions of neutrinos are shown.
II. GAUGE SYMMETRIC OPERATORS WHICH YIELD ℓ±ℓ′±W∓W∓
We here introduce the dimension-five ℓ±ℓ′±W∓W∓ operators, where ℓ(ℓ′) is a charged
lepton e, µ or τ , and W± are the weak bosons. Such operators are, in general, represented
by the following form1;
ℓc Γµνℓ′W+µ W
+
ν , ℓ
′ ΓµνℓcW−µ W
−
ν , (1)
where Γµν is a 4 × 4 matrix which is the product of gamma matrices. We can classify Γµν
into four forms.
Γµν =
 gµνPX ,[γµ, γν ]PX , X = L or R, (2)
where PX is the chirality projection operator and X is the chirality of charged leptons. The
operators with the anti-symmetric tensor Γµν = [γµ, γν ]PX equal zero, because W
+
µ W
+
ν is
the symmetric for the exchange µ↔ ν. Therefore, the ℓ±ℓ′±W∓W∓ operators are expressed
as
LℓℓWW
eff
=
∑
ℓ,ℓ′
∑
X
CXℓℓ′
Λ
ℓc PX ℓ
′W+µ W
+µ + h.c., (3)
where CXℓℓ′ are dimensionless coupling constants, and Λ is a dimensionful parameter. The
SU(2)L × U(1)Y gauge invariant origins of theses operators in Eq. (3) depend on the chirality
X as discussed in order below.
1 We do not consider the operators which include derivatives because they have higher dimensions than
five.
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The gauge invariant origin of the ℓ±ℓ′±W∓W∓ operators for left-handed charged leptons,
X = L, is the dimension-seven operators [16, 18],
C
(7)
ℓℓ′
Λ3LNV
(
L˜ℓDµLℓ′
)(
φ˜†Dµφ
)
+ h.c., (4)
where φ is the Higgs doublet field in the SM and φ˜ is its SU(2)L conjugation, Lℓ are lepton
doublet fields and L˜ℓ are their SU(2)L conjugations, C
(7)
ℓℓ′ are dimensionless coefficients, and
ΛLNV is the scale of lepton number violation. After the electroweak symmetry breaking, the
neutral component φ0 of the Higgs field obtains the vacuum expectation value 〈φ0〉 = v/√2
with v = 246 GeV, and the following dimension-five operators are generated;
− ie
2
√
2sw
v2
Λ2LNV
C
(7)
ℓℓ′
ΛLNV
[
( ℓLc ∂µ νℓ′,L − νcℓ,L ∂µ ℓ′L )W+µ −
ie√
2sw
ℓLc ℓ
′
LW
+
µ W
+µ
+
i e√
2sw
νcℓ,L ν
ℓ′
L W
−
µ W
+µ − i e
2swcw
ℓLc νℓ′,L ZµW
+µ
−i e cot 2θw νcℓ,L ℓ′L ZµW+µ − i e νcℓ,L ℓ′LAµW+µ
]
+ h.c., (5)
where e is the gauge coupling constant of the electromagnetic force, sw = sin θw, cw = cos θw
with θw being the Weinberg angle. The second term in the first row of Eq. (5) corresponds
to the operator in Eq. (3). The coupling constants defined in Eq. (3) are given by
CLℓℓ′
Λ
= − e
2
4s2w
v2
Λ2LNV
1
ΛLNV
(
C
(7)
ℓℓ′ + C
(7)
ℓ′ℓ
2
)
. (6)
We note that the original coupling constants C
(7)
ℓℓ′ are not symmetric for flavor indices gener-
ally while CLℓℓ′ are symmetric. In Appendix A, we show concrete models where the dimension-
seven operators in Eq. (4) are yielded at one-loop level.
Next, we consider the gauge invariant origin of the ℓ±ℓ′±W∓W∓ operators for right-
handed charged leptons, X = R. Contrary to the case of left-handed charged leptons, they
are generated from the dimension-nine gauge invariant LNV operators [16, 17],
C
(9)
ℓℓ′
Λ5LNV
ℓRc ℓ
′
R
(
φ˜†Dµφ
)2
, (7)
where ℓR are a right-handed charged lepton, C
(9)
ℓℓ′ are the dimensionless coupling constants.
After the electroweak symmetry breaking, the dimension-five operators
− e
2
8s2w
v4
Λ4LNV
C
(9)
ℓℓ′
ΛLNV
ℓRc ℓ
′
RW
+
µ W
+µ, (8)
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are generated. Therefore, the coupling constants CRℓℓ′ can be expressed by the parameters of
gauge invariant effective LNV operators as
CRℓℓ′
Λ
= − e
2
8s2w
v4
Λ4LNV
C
(9)
ℓℓ′
ΛLNV
. (9)
Notice that new coupling constants CRℓℓ′ are symmetric for flavor indices because C
(9)
ℓℓ′ are
symmetric. In Refs. [16, 17, 23, 24], the models where the dimension-nine operators in
Eq. (7) are yielded at tree or one-loop level are investigated.
III. NEUTRINO MASSES
In addition to the Weinberg operator, the LNV operators in Eqs. (4) and (7) can con-
tribute to Majorana masses of neutrinos at loop levels. The coefficients of these operators
are constrained by the current data for the neutrino mass matrix which is given by neutrino
oscillation experiments and observation of cosmic microwave background.
We begin with summarizing the observed results for the neutrino mass matrix. The
Majorana-type mass matrix mν is diagonalized by using a unitary matrix, so-called the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix U [55, 56],
mν = U

m1 0 0
0 m2 0
0 0 m3
UT, (10)
where mi (i = 1, 2, 3) is a mass eigenvalue of mν . The PMNS matrix can be parametrized
as follows;
U =

1 0 0
0 c23 s23
0 −s23 c23


c13 0 s13e
−iδ
0 1 0
−s13eiδ 0 c13


c12 s12 0
−s12 c12 0
0 0 1


1 0 0
0 eiα1 0
0 0 eiα2
 , (11)
where cij and sij are cos θij and sin θij with θ12, θ13 and θ23 being mixing angles, and δ, α1
and α2 are CP violating phases. We note that α1 and α2 can only exist in the case that
neutrinos are Majorana fermions. We here list the values of each parameter with 1σ errors
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which are observed by neutrino oscillation experiments [57];
∆m221 = m
2
2 −m21 = (7.53± 0.18)× 10−5 eV2,
sin2 θ12 = 0.307± 0.013,
∆m232 = m
2
3 −m22 = (2.444± 0.034) × 10−3 eV2 (for NH),
∆m232 = (−2.55± 0.04)× 10−3 eV2 (for IH),
sin2 θ23 = 0.512
+0.019
−0.022 (for NH),
sin2 θ23 = 0.536
+0.023
−0.028 (for IH),
sin2 θ13 = (2.18± 0.07)× 10−2, (12)
where NH and IH are abbreviations of normal hierarchy and inverted hierarchy, respectively.
The CP violating phases α1 and α2 cannot be observed at neutrino oscillation experiments,
and we do not have any information of them currently. The rest CP violating phase δ can
be observed at neutrino oscillation experiments, and latest data at T2K have already ruled
out the CP conserving cases (δ = 0 or π) at 99.73% C.L. [58]. We can measure the difference
between quadratics of their mass eigenvalues by neutrino oscillation experiments, however,
the pattern of the hierarchy, whether the normal hierarchy where m1 < m2 < m3 or the
inverted hierarchy where m3 < m1 < m2, is still unknown. Although absolute values for
each mass eigenvalue cannot be determined by neutrino oscillation experiments, the upper
bound for the summation of the mass eigenvalues can be obtained from observation of the
cosmic microwave background. From the latest result by the Planck collaboration [3], the
following constraint is given;
m1 +m2 +m3 < 0.12 eV (95%C.L.). (13)
Information on absolute values of neutrino masses can also be given by 0νββ experiments
which can constrain the (e, e) component |(mν)ee| of the effective neutrino mass, which is
discussed in more details in Section IV.
We now consider the constraint on the coefficients of the ℓ±ℓ′±W∓W∓operators. At tree
level, neutrino masses would be generated via the Weinberg operator,
C
(5)
ℓℓ′
Λ5
(
L˜ℓφ
)(
φ˜†Lℓ′
)
+ h.c., (14)
where Λ5 is the scale of physics where the Weinberg operator is generated. In general, Λ5 can
be different from ΛLNV, depending on the scenario of creating tiny neutrino masses. At loop
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level, operators in Eqs. (4) and (7) can contribute to neutrino masses. We show Feynman di-
agrams for neutrino masses in Figs. 1 and 2. These loop diagrams have UV divergences which
are caused by using the higher-dimensional operators. We use the renormalization proce-
dure to eliminate these divergences. Although theories which include the higher-dimensional
operators are not renormalizable at all orders of perturbation, the divergence at one-loop
(two-loop) level of Feynman diagrams in Fig. 1 (Fig. 2) can be renormalized by using the
higher-dimensional counter terms. Then, the observed data of the neutrino mass matrix are
used to impose the renormalization conditions. With this renormalization procedure, we can
handle at least one- or two-loop terms in the loop expansion consistently. In the following,
we show the outline and the result of this procedure. The details of the renormalization
calculation are shown in Appendix B.
νℓ νℓ′
W±
νℓ νℓ′ νℓ νℓ′
νℓ νℓ′ νℓ νℓ′
W± W±
W± W±
ℓ ℓ′
ℓ′ ℓ
FIG. 1. Feynman diagrams for neutrino masses which are generated by the dimension-seven LNV
operators.
νℓ νℓ′
W±W±
ℓ ℓ′
W± W±
νℓ νℓ′ℓ ℓ
′
FIG. 2. Feynman diagrams for neutrino masses which are generated by the dimension-nine LNV
operators.
First, we consider the renormalization of two-point functions of neutrinos which are gen-
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erated via the dimension-seven operators given in Eq. (4). Diagrams in Fig. 1 have quadratic
divergences and logarithmic divergences proportional to the squared momentum of external
neutrinos. We can eliminate the former one (the quadratic divergence) by using the counter
term from the Weinberg operator. In order to eliminate the latter one (the logarithmic one),
we use the new counter term from the dimension-seven operators [16],
F
(7)
ℓℓ′
(
Lℓφ˜
)
∂µ
(
φ†DµL˜ℓ′
)
+ h.c., (15)
where F
(7)
ℓℓ′ are the coupling constants whose mass dimension is −3. We use the data for
the neutrino mass matrix to impose the on-shell renormalization condition to the two-point
function of neutrinos. After this renormalization procedure, we obtain the renormalized
amputated two-point function of neutrinos in the mass eigenstate basis as follows;
iΣab(✁p) = 〈0|T νaνb|0〉amp
= iΣLab(✁p)PL + i
(
ΣLab(✁p)
)∗
PR, (16)
ΣLab(✁p) ≃ −
1
16π2
Uℓa
CLℓℓ′
Λ
Uℓ′b f
(
p2
m2W
)
, (17)
f(x) =
1
36x2
(
x(6 + 57x− 97x2) + 6(1− x)2(11x+ 1) ln(1− x)
)
, (18)
where we use Eq. (6), and mW is the mass of the weak bosons W
±, pµ is the momentum of
the external neutrino, and neutrino fields in the mass eigenstate basis are defined as
νa = νa,L + ν
c
a,L, (19)
νa,L = U
∗
ℓaνℓ,L. (20)
In Eq. (17), we only show the leading term, neglecting terms proportional to the masses
of charged leptons. Details of the calculation are shown in Appendix B. Then, neutrino
mass eigenvalues and mixing angles are input parameters, and the coefficients CLℓℓ′/Λ are
not constrained from the data of neutrino oscillation.
Next, we consider the renormalization of two-point functions of neutrinos which are gen-
erated via dimension-nine operators given in Eq. (7). In order to eliminate all divergences
which appear in the Feynman diagrams in Fig. 2, we introduce new dimension-seven oper-
ators,
F
′(7)
ℓℓ′ (φ
†Dµφ˜)(φ†ℓRγµL˜ℓ′) + h.c., (21)
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where F
′(7)
ℓℓ′ are the coupling constants whose mass dimension is −3. We use three LNV
operators in Eqs. (4), (14) and (21). At one-loop level, Majorana masses of neutrinos are
generated via the dimension-seven operators in Eq. (21). Feynman diagrams are shown in
Fig. 3. These diagrams have logarithmic divergences. These divergences can be renormalized
by using O(~) counter terms from the Weinberg operator and the on-shell renormalization
conditions in Appendix B. At two-loop level, the dimension-nine operators in Eq. (7) generate
the Majorana masses of neutrinos via the Feynman diagrams in Fig. 2. These diagrams have
two kinds of divergences; i.e., logarithmic divergences and squared logarithmic divergences.
The squared logarithmic divergences can be eliminated by using O(~2) counter terms from
the Weinberg operator. The logarithmic divergences are proportional to a function of the
momentum of the external neutrino. In order to eliminate these divergences, we use O(~2)
counter terms from the operators in Eq. (21). After this renormalization procedure with
renormalization conditions in Appendix B, we obtain the renormalized amputated two-point
functions of neutrinos in the mass eigenstate basis as
ΣLab(✁p) ≃−
iv3
32π2
(
e
sw
)2 {
(UTF ′(7))bℓmℓ Uℓa + (U
TF ′(7))aℓmℓ Uℓb
}
g
(
p2
m2W
)
− 1
128π4
(
e
sw
)2
CRℓℓ′
Λ
Uℓa Uℓ′bmℓmℓ′
{
g
(
p2
m2W
)}2
, (22)
g (x) = 1 +
(1− x) ln(1− x)
x
, (23)
where ΣLab(✁p) are defined in Eq. (16), and we use Eq. (9). In Eq. (22), we only show the
leading term, neglecting terms proportional to cubic or higher order terms of charged lepton
masses. Detail of the calculation are shown in Appendix B. As in the case for CLℓℓ′/Λ, the
coefficients CRℓℓ′/Λ are not constrained from the data of neutrino oscillation.
νa νb νa νb
νa νb νa νb
W± W±
W± W±
ℓ ℓ
ℓ ℓ
FIG. 3. Two-point functions which are generated by the LNV operators in Eq. (21).
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In the above renormalization procedure, we do not have constraints on ℓ±ℓ′±W∓W∓operators
from the observed data of neutrino oscillation as a result. However, it does not mean that
we do not have any prediction for new physics. When we consider the LNV processes at
one-loop or two-loop level, the renormalized LNV operators can give some prediction under
constraints from the neutrino oscillation data. In the following sections, we investigate the
LNV processes only at tree level. Therefore, the constrains from the neutrino oscillation
data are not important in the discussions below.
IV. CONSTRAINTS FROM LOW ENERGY EXPERIMENTS
In this section, we discuss current constraints on the ℓ±ℓ′±W∓W∓operators from low
energy experiments; i.e., neutrinoless double beta decays ( 0νββ ) and muon-positron (µ−-
e+) conversion processes. The constraint on LNV higher-dimensional operators from 0νββ
(µ−-e+ conversion) are studied in Refs. [16, 59] (Refs. [60–62]). The neutrinoless double beta
decay via the e−e−W+W+ operator in the UV complete models is discussed in Refs. [17, 23].
A. Neutrinoless double beta decay ( 0νββ )
We consider the constraint from the 0νββ experiments. Currently, KamLAND-Zen ex-
periment provides the most stringent limit on the half-life of the process at 90% C.L. [26],
T1/2 > 1.07× 1026 years. (24)
If we assume that the process occurs via Majorana masses of neutrinos, this bound is trans-
lated to the upper limit on the absolute value of the (e, e) element of the effective neutrino
mass matrix at 90% C.L. [26],
|(mν)ee| < (61− 165) meV. (25)
We can then estimate the upper bound on the parton-level amplitude for dd→ uue−e−,
∣∣M0νββmν ∣∣ ≃ G2Fp2eff |(mν)ee|, (26)
where GF (≃ 1.17 × 10−5 GeV−2) is the Fermi constant and peff(∼ 100 MeV) is the typical
distance scale between nucleons. In the following, we extract constraints on CRee/Λ and
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CLee/Λ by comparing Eq. (26) to parton-level amplitudes generated by the LNV operators
in Eqs. (4) and (7), respectively.
First, we consider the constraint on CRee/Λ. The dimension-nine LNV operators in Eq. (7)
generate 0νββ decays at tree level which are described by the diagram in Fig. 4. By using
Eq. (9), the parton-level amplitude is given by∣∣∣M0νββR ∣∣∣ ≃ G2F ∣∣∣∣CReeΛ
∣∣∣∣ . (27)
By comparing this with Eqs. (26) and (27), we estimate the upper bound on CRee/Λ as∣∣∣∣CReeΛ
∣∣∣∣ . 10−5 TeV−1. (28)
We can translate this bound to that on the original coupling constant C
(9)
ee /Λ5LNV by using
Eq. (9): ∣∣∣∣∣ C(9)eeΛ5LNV
∣∣∣∣∣ . 5.5× 10−2 TeV−5. (29)
With the assumption |C(9)ee | = 1, we can obtain the lower bound on the new physics scale
ΛLNV as
ΛLNV & 1.8 TeV. (30)
Next, we consider the constraint on CLee/Λ. The dimension-seven LNV operators in Eq. (4)
generate 0νββ decays at tree level which are described by the Feynman diagrams in Fig. 5.
In this case, there are additional diagrams which are generated via three-point vertices in
the first line of Eq. (5). They only change the factor of the amplitude. By using Eq. (6), we
can obtain the same upper bound with that on CRee,∣∣∣∣CLeeΛ
∣∣∣∣ . 10−5 TeV−1. (31)
We can translate this bound to that on the original coupling constant C
(7)
ee /Λ3LNV by using
Eq. (6): ∣∣∣∣∣ C(7)eeΛ3LNV
∣∣∣∣∣ . 1.7× 10−3 TeV−3. (32)
With the assumption |C(7)ee | = 1, we can obtain the lower bound on the new physics scale
ΛLNV as
ΛLNV & 8.4 TeV. (33)
12
dd
u
u
e−
e−
W−
W−
FIG. 4. Feynman diagrams for the 0νββ decay via the dimension-nine LNV operators.
e−
e−
u
ud
d
W−
W−
d
d
u
u
νe
e−
e−
W−
W−
d
d
u
u
W−
W−
νe
e−
e−
FIG. 5. Feynman diagrams for the 0νββ decay via the dimension-seven LNV operators.
B. Muon to positron ( µ−-e+ ) conversion
We here consider the constraint on the ℓ±ℓ′±W∓W∓operators from µ−-e+ conversion
experiments. The current constraint on the ratio of the rate of the µ−-e+ conversion with
that of the muon capture is given by the SINDRUM-II experiment [32] as follows;
Bµ−e+ =
Γ(µ− + Ti→ e+ + Ca)
Γ(µ− + Ti→ νµ + Sc) <
 1.7× 10−12 (GS, 90%CL)3.6× 10−11 (GDR, 90%CL) . (34)
If we assume that the process occurs via Majorana masses of neutrinos, Bµ−e+ is calculated
by [63].
Bµ−e+ = (1.6× 10−25) |(mν)eµ|
2
m2e
. (35)
From this formula, we can obtain the upper bound on |(mν)eµ|,
|(mν)eµ| . 1.6× 106 MeV. (36)
In order to extract the constraint on the ℓ±ℓ′±W∓W∓operators from µ−-e+ conversion data,
we use the similar way to the case of 0νββ. In the following, we extract constraints on
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CReµ/Λ and C
L
eµ/Λ by comparing the parton level amplitude for uuµ
− → dde+,
|Mµ−e+mν | ≃
G2F
p2eff
|(mν)eµ|, (37)
to those generated by the LNV operators in Eqs. (4) and (7), respectively.
u
u
d
d
µ− e+
W+
W+
FIG. 6. Feynman diagrams for the µ−-e+ conversion process via the dimension-nine LNV operators.
µ−
e+
d
du
u
W+
W+
u
u
d
d
νe
µ−
e+
W+
W+
u
u
d
d
W+
W+
νµ
µ−
e+
u
u
d
d
µ−
e+
u
u
d
d
µ−
e+
νe νµ
W+
W+
W+
W+
FIG. 7. Feynman diagrams for the µ−-e+ conversion process via the dimension-seven LNV opera-
tors.
First, we consider the constraint on CReµ/Λ. The dimension-nine operators in Eq. (7)
generate the µ−-e+ conversion process at tree level which is described by the diagram in
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Fig 6. By using Eq. (9), the parton-level amplitude is given by
|Mµ−e+R | ≃ G2F
∣∣∣∣∣CReµΛ
∣∣∣∣∣
2
. (38)
By comparing this formula with Eqs. (36) and (37), we can obtain the constraint on CReµ/Λ
as ∣∣∣∣∣CReµΛ
∣∣∣∣∣ . 1.6× 108 TeV−1. (39)
We can translate this bound to that on the original coupling constant C
(9)
eµ /Λ5LNV by using
Eq. (9): ∣∣∣∣∣ C(9)eµΛ5LNV
∣∣∣∣∣ . 8.8× 1011 TeV−5. (40)
With the assumption |C(9)eµ | = 1, we can obtain the lower bound on the new physics scale
ΛLNV as
ΛLNV & 4.1× 10−3 TeV. (41)
This lower bound is too small to give a significant constraint on the operator.
Next, we consider the constraint on CLeµ/Λ. In Fig. 7, we show the Feynman diagrams
which are generated via the dimension-seven LNV operators in Eq. (4). By using Eq. (6),
we can get the upper bound as ∣∣∣∣∣CLeµΛ
∣∣∣∣∣ . 1.6× 108 TeV−1. (42)
We can translate this bound to that on the original coupling constant (C
(7)
eµ + C
(7)
µe )/Λ5LNV
by using Eq. (6): ∣∣∣∣∣C(7)eµ + C(7)µe2Λ3LNV
∣∣∣∣∣ . 2.7× 1010 TeV−3. (43)
With the assumption that the symmetric part of C
(7)
eµ is 1, i.e. (C
(7)
eµ + C
(7)
µe )/2 = 1, we can
obtain the lower bound on the new physics scale ΛLNV as
ΛLNV & 3.3× 10−4 TeV. (44)
15
As in the case of the right-handed operator, this lower bound is too small to give a significant
constraint on the operator.
Consequently, both of the right-handed and left-handed ℓ±ℓ′±W∓W∓operators receive
almost no constraint from µ−-e+ conversion. In addition, at around the scale 4.1×10−3 TeV
or 3.3× 10−4TeV, using the EFT approach might not be a good approximation.
V. CONSTRAINT FROM HIGH-ENERGY COLLIDER EXPERIMENTS
In this section, we investigate LNV processes pp → ℓ+ℓ′+jj at hadron colliders, and
examine the constraints on the LNV coupling constants of the ℓ±ℓ′±W∓W∓operators. The
process with the same final state is also studied in UV complete models such as the Type-
I seesaw model [40] and the Left-Right symmetric model [44, 45]. In the Type-II seesaw
model, the same final state can be generated via the decay of the doubly charged scalar.
However, the cross section of this process in the Type-II seesaw model is negligibly small
because of the tiny neutrino masses, so that other LNV processes are more significant to
search the LNV [41, 42].
q
q
j
j
ℓ+
ℓ′+
W+
W+
q
q
W+
W−
j
j
ℓ+
ℓ′+
FIG. 8. Feynman diagrams for the process pp→ ℓ+ℓ′+jj via the dimension-nine LNV operators.
A. The constraints on CRℓℓ′
We begin with the processes pp→ ℓ+ℓ′+jj with right-handed charged leptons which are
generated by the dimension-nine operators in Eq. (7). These processes are represented by
the diagrams in Fig. 8. There are two kinds of processes; t-channel diagrams via W boson
16
fusion processes qq → W+(∗)W+(∗)jj → ℓ+ℓ′+jj and s-channel ones qq →W+(∗) → ℓ+ℓ′+jj.
In Fig. 9, we show the cross section of the process pp → µ+µ+jj at √s = 14 TeV which is
calculated by using FEYNRULES 2.0 [65] and MADGRAPH5 AMC@NLO [64]. The dashed
line represents the cross section which is generated by only the s-channel diagrams, while
the real line shows the cross section of both the t-channel and s-channel diagrams under the
following kinematical cuts (for the Vector Boson Fusion (VBF) cuts, see Ref. [54].),
mjj > 500 GeV, |∆η| > 2.5, (45)
where mjj is the invariant mass of the two jets, and |∆η| is the difference of the pseudo-
rapidity of the jets. In both the cross sections, the basic kinematical cuts [54],
pjT > 30 GeV, |ηj | < 5.0, pℓ
(′)
T > 20 GeV, |ηℓ(′)| < 2.5, (46)
are taken into account, where pjT and ηj are the transverse momentum and the pseudo-
rapidity of the jets, and pℓ
(′)
T and ηℓ(′) are the transverse momentum and the pseudo-rapidity
of ℓ(′)+. Obviously, the cross section with the VBF cuts is larger than that of s-channel
diagrams. In the following, we use the VBF cuts to obtain the signal events.
We consider the following SM background processes,
pp→ Z(∗)(or γ∗)jj → ℓ+ℓ−jj, (47)
pp→ ℓ+ℓ′+νℓνℓ′jj. (48)
When we investigate the LNV process where the lepton flavor is conserved, we have to
consider the first background process in Eq. (47). The number of the SM background events
can be reduced by the transverse momentum cut, pℓ
(′)
T > 500 GeV, and also multiplying
the charge misidentification rate. The second process in Eq. (48) has the missing transverse
momentum, and it can be reduced by cut, ✁pT < 20 GeV [40], where ✁pT is the missing
transverse momentum. In Table I, we show the cross sections of the LNV signal pp→ µ+µ+jj
at
√
s = 14 TeV and the cross section of the SM backgrounds for each step of the kinematical
cuts. In the numerical evaluation, FEYNRULES 2.0 [65] and MADGRAPH5 AMC@NLO [64]
are used.
In the following, we consider how the coupling constants |CRℓℓ′/Λ| can be constrained by
searching for the LNV processes pp→ ℓ+ℓ′+jj at the future HL-LHC experiment [66]. First,
we consider the LNV process where the anti-leptons in the final states have the same lepton
17
FIG. 9. The cross section of the process pp→ µ+µ+jj.
Basic cut +VBF cut + ✁pT cut + p
ℓ
T cut
Signal (pb)
eff.
4.69
-
4.5
96 %
4.5
100 %
2.9
64 %
µ+µ−jj (pb)
eff.
117
-
4.1
3.5%
4.1
100%
5.3× 10−5
1.3× 10−3 %
µ+µ+νµνµjj (pb)
eff.
3.71 × 10−3
-
1.40 × 10−3
38 %
6.5× 10−5
4.6 %
6× 10−9
0.01 %
TABLE I. Cross sections of the signal and each background and the efficiency of each kinematical
cut. We calculate the signal cross section with the condition, CRµµ/Λ = 1 TeV
−1. The scattering
cross sections are calculated with MADGRAPH5 AMC@NLO [64].
flavor, pp → ℓ+ℓ+jj. The beam energy, √s = 14 TeV, is much higher than the masses of
charged leptons, so that the cross section is insensitive to the flavor of anti-leptons in the
final state. Therefore, we here only consider the process pp→ µ+µ+jj and the constraint on
CRµµ/Λ. We expect that the constraints on the coupling constants with other flavors, C
R
ee/Λ
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and CRττ/Λ, are almost the same as that on C
R
µµ/Λ.
By using the results in Table I, we can estimate the number of the SM background events
at the HL-LHC experiment as in Table II. The rate of the charge misidentification is assumed
to be 1% because we use the kinematical cut pℓT > 500 GeV, so that anti-muons have large
transverse momenta [67]. Expected numbers of the background events are respectively O(1)
or much less than 1 for the processes in Eqs. (47) and (48). Therefore, if we obtain O(10)
events of the LNV signals, we can say that they are not from the SM background events but
from the signal events via the µ+µ+W−W− operator.
µ+µ−jj µ+µ+νµνµjj
# of events 1.6 1.8× 10−2
TABLE II. The expected number of SM background events at the HL-LHC experiment (with the
collision energy of
√
s = 14 TeV and the integrated luminosity of L = 3000 fb−1). We assume that
the rate of charge misidentification is 1%.
In Fig. 10, we show numbers of the signal events and those of the background events
at the HL-LHC experiment as a function of |CRµµ/Λ|. We assume that the rate of the
charge misidentification is 1% [67]. The real line represents numbers of the signal event.
The dashed and dotted lines represent numbers of the background events from µ+µ−jj and
µ+µ+νµνµjj, respectively. Expected number of the signal event is O(10) at the point where
|CRµµ/Λ| = 1 × 10−3 TeV−1. Therefore, the LNV event µ+µ+jj is expected to be observed
in the region |CRµµ/Λ| & 10−3 TeV−1. In other words, if we do not have the signal event
at the HL-LHC experiment with integrated luminosity 3000 fb−1, we obtain the constraints
|CRµµ/Λ| . 10−3 TeV−1. The similar constraints on |CRee/Λ| and |CRττ/Λ| can be obtained if
no excess is observed. Expected upper bounds on the coupling constants of the ℓ±ℓ±W∓W∓
operators are then given at the HL-LHC∣∣∣∣CRℓℓΛ
∣∣∣∣ . 10−3 TeV−1. (49)
Next, we consider LNV processes where the anti-leptons have different lepton flavor
pp → ℓ+ℓ′+jj (ℓ 6= ℓ′). As the beam energy is much higher than the masses of charged
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FIG. 10. The CRµµ/Λ dependence of the number of pp → e+e+jj events and the numbers of the
background events at the HL-LHC (with the collision energy of
√
s = 14 TeV and the integrated
luminosity of L = 3000 fb−1). It is assumed that the rate of the charge misidentification is 1%.
leptons, we only discuss the process pp → e+µ+jj and the constraint on CReµ/Λ. It is
expected that constraints on the other coupling constants, CRℓℓ′/Λ (ℓ 6= ℓ′), are similar to
that on CReµ/Λ. The most important SM background is pp→ e+µ+νeνµjj, and the number
of this event is much less than 1 at the HL-LHC, as shown in Table II. In Fig. 11, we show
the |CReµ/Λ| dependence of the number of the signal event and that of the background event.
We assume that the rate of the charge misidentification is 1%. The real line represents
the number of the signal event while the dotted line does that of the background event.
Expected numbers of the signal event is O(1) at the point where |CReµ/Λ| = 5 ×10−4 TeV−1.
Expected numbers of the background event is much less than 1, and we can observe the LNV
event e+µ+jj in the region |CReµ/Λ| & 5 × 10−4 TeV−1. In other words, if we do not have
the signal events at the HL-LHC, we obtain the constraint |CReµ/Λ| . 5 × 10−4 TeV−1. For
the other set of flavor in |CRℓℓ′/Λ| (ℓ 6= ℓ′), similar constraints are expected to be obtained.
Expected upper bounds for the coupling constants of the ℓ±ℓ′±W∓W∓ operators (ℓ 6= ℓ′)
are then given at the HL-LHC ∣∣∣∣CRℓℓ′Λ
∣∣∣∣ . 5× 10−4 TeV−1. (50)
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FIG. 11. The CReµ/Λ dependence of the number of pp → e+µ+jj event and the number of
the background events at Hl-LHC (with the collision energy of
√
s = 14 TeV and the integrated
luminosity of L = 3000 fb−1).
Consequently, the expected upper limits on |CRℓℓ′/Λ| at the HL-LHC are∣∣∣∣CRℓℓΛ
∣∣∣∣ . 1× 10−3 TeV−1, (51)∣∣∣∣CRℓℓ′Λ
∣∣∣∣ . 5× 10−4 TeV−1 (ℓ 6= ℓ′). (52)
By using Eq. (9), we can translate thsese upper limits to those on the original coupling
constants C
(9)
ℓℓ′ /Λ
5
LNV: ∣∣∣∣∣ C
(9)
ℓℓ
Λ5LNV
∣∣∣∣∣ . 5.5 TeV−5, (53)∣∣∣∣∣ C(9)ℓℓ′Λ5LNV
∣∣∣∣∣ . 2.8 TeV−5 (ℓ 6= ℓ′). (54)
With the assumption |C(9)ℓℓ′ | = 1, we can obtain the expected upper limit on the new
physics scale from HL-LHC as
ΛLNV & 0.71 TeV (ℓ = ℓ
′), (55)
ΛLNV & 0.82 TeV (ℓ 6= ℓ′). (56)
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These bound mean that if the processes pp → ℓ+ℓ′+jj are not observed at the HL-LHC,
the new physics scale ΛLNV is higher than 0.71 or 0.82 TeV.
2 Conversely, they mean that if
the scale of new physics is lower than 0.71 or 0.82 TeV, the LNV signal pp → ℓ+ℓ′+jj via
ℓ±ℓ′±W∓W∓operator can be observed at the HL-LHC. Then direct signal from new particles
which cause ℓ±ℓ′±W∓W∓operator may also be observed at the HL-LHC depending on the
origin of the LNV.
If the integrated luminosity is higher than 3000 fb−1 at future pp collider experiments
with the same energy, the expected lower limit is also higher than those in Eqs. (55) and (56).
Then, the situation where the signal of pp → ℓ+ℓ′+jj via ℓ±ℓ′±W∓W∓operator would be
observed without any direct evidences of new particles may happen, depending on the scale
of the LNV.
B. The constraint on CLℓℓ′/Λ
ℓ′+
ℓ+
j
jq
q
W+
W+
q
q
j
j
νℓ
ℓ′+
ℓ+
W+
W+
q
q
j
j
W+
W+
νℓ′
ℓ+
ℓ′+
q
q
W+
W−
j
j
ℓ+
ℓ′+
ℓ+
ℓ′+
q
q
j
j
W+
W−
νℓ
q
q
W+ νℓ′
ℓ′+
ℓ+
j
j
W−
FIG. 12. Feynman diagrams for the process pp→ ℓ+ℓ′+jj via the dimension-seven LNV operators.
In the case ℓ 6= ℓ′, there are additional diagrams with exchange ℓ↔ ℓ′.
2 We focus on the final states with ℓ+s whose transverse momenta are larger than 500 GeV. Therefore
the typical energy scale for the subprocess involving the effective operator might be larger than the lower
bounds in Eqs. (55) and (56). In such a case, the EFT approach would not be appropriate any more, and
the lower bounds given in Eqs. (55) and (56) might not give reliable bounds on LNV new physics which
couples right-handed charged leptons.
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In this section, we investigate processes pp → ℓ+ℓ′+jj with left-handed charged leptons,
which are generated by the dimension-seven LNV operators in Eq. (4). These processes
are represented by the Feynman diagrams in Fig. 12. As compared to the cases with right-
handed charged leptons which are generated by the dimension-nine LNV operators in Eq. (7),
additional diagrams are generated by the three-point vertices in Eq. (5). However, the
contribution from these diagrams is negligibly small. As a result, constraints on CLℓℓ′/Λ are
almost the same as those on CRℓℓ′/Λ, and we can estimate upper bounds on C
L
ℓℓ′/Λ at the
HL-LHC as ∣∣∣∣CLℓℓΛ
∣∣∣∣ . 1× 10−3 TeV−1, (57)∣∣∣∣CLℓℓ′Λ
∣∣∣∣ . 5× 10−4 TeV−1 (ℓ 6= ℓ′). (58)
By using Eq. (6), we can translate thsese upper limits to those on the symmetric part of the
original coupling constants (C
(7)
ℓℓ′ + C
(7)
ℓℓ′ )/Λ
3
LNV:∣∣∣∣∣ C(7)ℓℓΛ3LNV
∣∣∣∣∣ . 0.17 TeV−3, (59)∣∣∣∣∣C(7)ℓℓ′ + C(7)ℓℓ′2Λ3LNV
∣∣∣∣∣ . 8.3× 10−2 TeV−3 (ℓ 6= ℓ′). (60)
With assumption |C(7)ℓℓ′ + C(7)ℓℓ′ |/2 = 1, we can obtain the expected upper limit on the new
physics scale from HL-LHC as
ΛLNV & 1.8 TeV (ℓ = ℓ
′), (61)
ΛLNV & 2.3 TeV (ℓ 6= ℓ′). (62)
Both for the left-handed and right-handed e±e±W∓W∓ operators, the constraint from the
current 0νββ data is more stringent than expected constraint from the HL-LHC. However,
the HL-LHC can be useful to test other ℓ±ℓ′±W∓W∓operators with the other set of flavor
of charged leptons.
VI. CONCLUSION
We have investigated phenomenological consequences of the ℓ±ℓ′±W∓W∓operators.
These operators can contain important information for the origin of tiny neutrino masses
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which is independent of that from the Weinberg operator. We have obtained constraints on
the coefficients of the ℓ±ℓ′±W∓W∓operators by the neutrino oscillation data. Upper bounds
on the coefficients have also been examined by using the data for LNV processes such as
neutrinoless double beta decays and the µ−-e+ conversion. In addition, we have found that
the ℓ±ℓ′±W∓W∓operators can be directly tested by searching for the LNV processes via
the same sign W boson fusion process at the HL-LHC. By the combination of these current
and future experiments, we can access dimension-seven and dimension-nine LNV operators
in the gauge invariant effective field theory and can further deeply understand the origin of
tiny neutrino masses.
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Appendix A: Models where dimension seven LNV operators are yielded
We here show two models where the dimension-seven LNV operators,
C
(7)
ℓℓ′
Λ3LNV
(
L˜ℓDµLℓ′
)(
φ˜†Dµφ
)
+ h.c., (A1)
are yielded and neutrino masses are generated by the Feynman diagram in Figs. 13 and 14.
In the first model (Model-I), fields in Table III are added to the SM. The model has a
new global symmetry U(1)′. It is an unbroken symmetry after the electroweak symmetry
breaking, and we expect that the model can explain a dark matter problem too. The new
fermions ψa = (ψ
+
a , ψ
0
a)
T (a = 1, 2, 3) are vector-like SU(2)L doublets, and they have Dirac
mass terms mψaψaψa. The model has three kinds of new scalar fields η, S
+ and S0. One
of the new scalar fields η = (η+, η0)T is a SU(2)L doublet. Other scalars S
+ and S0 are
SU(2)L singlets. All of new scalars do not obtain the vacuum expectation value. After the
electroweak symmetry breaking, the charged scalars η+ and S+ and the neutral scalars η0
νL νL
ψ0L ψ
+
L ψ
+
R
S+
η+η0
W+
W−
φ0 φ0
S0
〈
φ0
〉 〈
φ0
〉
S0
η0 η+
S+
ψ0L ψ
+
Rψ
+
LνL νL
W+
FIG. 13. Realization of the dimension-seven operators and neutrino masses in Model-I.
νL νL
Σ
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+
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+
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+
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η0
〈
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〉
〈
φ0
〉
η0
η+
Φ
+
Σ
0
L Σ
+
RΣ
+
LνL νL
W+
FIG. 14. Realization of the dimension-seven operators and neutrino masses in Model-II.
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and S0 are mixed via the three-point scalar interactions,
κ1(φ
†η)S0 + κ2(φ
†η˜)S+ + h.c., (A2)
where κ1 and κ2 are coupling constants, and φ is the Higgs field and η˜ = iσ2η.
The model has the following new Yukawa interactions.
(YR)ℓa Lℓ PR ψa S
− + (YL)ℓa L˜ℓ PL ψa S
0 + h.c., (A3)
where the operators PR and PL are the chirality projection operators. Then, the dimension-
seven LNV operators are generated via the left Feynman diagram in Fig. 13. By using this
operator, Majorana masses of neutrinos are generated via the right Feynman diagram in
Fig. 13.
The second model (Model-II) has the new fields listed in Table IV. This model has a new
unbroken global symmetry U(1)′. The new fermions
Σa =

Σ0a√
2
Σ++a
Σ0a −Σ
0
a√
2
 , (a = 1, 2, 3), (A4)
are vector-like SU(2)L triplets, and they have Dirac mass terms MΣaTr[ΣaΣa]. Both of new
scalars Φ = (Φ++, Φ+) and η = (η+, η0) are SU(2)L doublets. The singly charged scalar
fields Φ+ and η+ are mixed via the four-point scalar interaction,
κ′1(Φ
†φ)(η˜†φ) + h.c. (A5)
The dimension-seven operators are generated using the above scalar interaction and the
following new Yukawa interactions,
(Y ′L)ℓa Lℓ PRΣa Φ˜ + (Y
′
R)ℓa L˜ℓ PLΣa η˜ + h.c., (A6)
ψa η S
+ S0
Spin 1/2 0
SU(2)L 2 2 1 1
U(1)Y 1/2 1/2 1 0
U(1)′ q q q −q
TABLE III. Additional fields in Model-I
Σa Φ η
Spin 1/2 0
SU(2)L 3 2 2
U(1)Y 1 3/2 1/2
U(1)′ q q q
TABLE IV. Additional fields in Model-II
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where Φ˜ = iσ2Φ. Then, the dimension-seven LNV operators are generated via the left
Feynman diagram in Fig. 14. By using this operator, Majorana masses of neutrinos are
generated via the right Feynman diagram in Fig. 14. Detailed discussions of these models
are beyond the scope of this paper, which will be given elsewhere [68]
Appendix B: Renormalization of higher-dimensional LNV oeprators
We here show details of the renormalization procedure used for the calculation in Sec. III.
First, we discuss the renormalization of two-point functions of neutrinos which are generated
by dimension-seven operators in Eq. (4). We use the following renormalized operators,
Ltree = 1
2
νa
(
i✓∂ −mνa
)
νa +
e√
2sw
(
U∗ℓa νa γ
µ PL ℓW
+
µ + Uℓa ℓ γ
µ PL νaW
−
µ
)
+
[
− ie
2
√
2sw
v2
Λ3LNV
C
(7)
ℓℓ′
{
(Uℓ′a ℓc ∂µ PL νa − Uℓa νca ∂µ PL ℓ′ )W+µ
+
ie√
2sw
Uℓa Uℓ′b νa PL νbW
−
µ W
+µ
}
+ h.c.
]
− v
2
2
(
F
(7)
ℓℓ′ U
∗
ℓb U
∗
ℓ′a νb PR ∂
2 νa + F
(7)∗
ℓℓ′ Uℓb Uℓ′a νa PL ∂
2 νb
)
, (B1)
where U is the PMNS matrix, and neutrino fields are in the mass eigenstate basis νℓ,L =
Uℓa νa,L, (ℓ = e, µ, τ and a = 1, 2, 3). The Majorana neutrino fields νa are defined as in
Eqs. (19) and (20) such that they satisfy Majorana conditions νca = νa. The mass matrix of
Majorana neutrinos mνa is generated by the Weinberg operator as
mνaδab =
v2
Λ5
UℓaC
(5)
ℓℓ′ Uℓ′b, (B2)
where δab is the Kronecker Delta. The LNV operators proportional to C
(7)
ℓℓ′ and their hermi-
tian conjugations are generated by the dimension-seven operators in Eq. (4) which are the
origin of the ℓ±ℓ′±W∓W∓operators with left-handed charged leptons. The LNV operators
in the last line of Eq. (B1) are generated by the operators in Eq. (15). Their counter terms
are used to eliminate logarithmic divergences proportional to the squared momentum of the
external neutrino. Counter terms which are needed to eliminate divergences in two-point
functions of neutrinos are given by
Lcounter = i
2
δ1Zab νa✓∂ PL νb +
1
2
δ1mab νa PL νb +
1
2
δ1Fab νa PL ∂
2 νb + h.c., (B3)
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where δ1Zab, δ
1mab and δ
1Fab are O(~) coefficients of counter terms. The coefficients δ1Zab
and δ1mab satisfy the following conditions;
δ1Zab = (δ
1Zba)
∗ (B4)
δ1mab = δ
1mba (B5)
In the ’tHooft-Feynman gauge, the renormalized amputated two-point functions for neu-
trinos in the mass eigenstate basis iΣab(✁p) are given by
iΣab(✁p) = iΣ
L
ab(✁p)PL + i
(
ΣLab(✁p)
)∗
PR, (B6)
where
ΣLab(✁p) = Σ˜
L
ab(p
2) + δ1Z˜ab ✁p+ δ
1m˜ab + δ
1F˜ab p
2, (B7)
Σ˜Lab(p
2) = − v
2
4Λ3LNV
(
e
sw
)2
×
{∫
k
4
k2 +m2W
(
(UTC(7)U)ab + (U
TC(7)U)ba
)
+
∫ 1
0
dx
∫
k
1
(k2 +∆ℓ)2
(
−k
2
d
+ x2p2
)(
(UTC(7))aℓUℓb + (a↔ b)
)
Uℓb
+
∫ 1
0
dx
∫
k
1
(k2 +∆ℓ)2
xp2
(
(C(7)U)ℓaUℓb + (a↔ b)
)
Uℓb
}
, (B8)
∆ℓ = (1− x)m2ℓ + xm2W − x(1− x)p2, (B9)
δ1Z˜ab =
1
2
(δ1Zba + δ
1Z∗ab), (B10)
δ1m˜ab =
1
2
(δ1mab + δ
1mba), (B11)
δ1F˜ab =
1
2
(δ1Fab + δ
1Fba), (B12)
and
∫
k
=
∫
ddk/(2π)d represents the integral over all d-dimensional euclidean momentum
space. We impose the following on-shell conditions [69, 70];
mνbδ
1Z˜ba = −Σ˜Lab(m2νb)−m2νb δ1F˜ab − δ1m˜ab. (B13)
δ1Z˜aa = −2Re
δ1F˜ab + dΣ˜Laa
dp2
∣∣∣∣∣
p2=m2νa
 . (B14)
We cannot determine all coefficients of the counter terms with only imposing the on-shell
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conditions, so that we impose the additional condition,
dΣ˜Lab
dp2
∣∣∣∣∣
p2=0
= 0. (B15)
Then, ΣLab(✁p) in Eq. (B6) are given by
ΣLaa(✁p) =− 2mνa(✁p−mνa)Re
[
A′aa(m
2
νa)− A′aa(0) +Baa(m2νa)− Baa(0) +m2νa B′aa(m2νa)
]
+ Aaa(p
2) + p2Baa(p
2)− Aaa(m2νa)−m2νa Baa(m2νa)
− (p2 −m2νa)
(
A′aa(0) +Baa(0)
)
, (B16)
ΣLab(✁p) =
✁p−mνa
m2νb −m2νa
{
mνa
(
Aab(m
2
νa)− Aab(m2νb) +m2νaBab(m2νa)−m2νbBab(m2νb)
+ (m2νb −m2νa)
(
A′ab(0) +Bab(0)
))
+mνb
(
A∗ab(m
2
νa)− A∗ab(m2νb) +m2νaB∗ab(m2νa)−m2νbB∗ab(m2νb)
+ (m2νb −m2νa)
(
A′∗ab(0) +B
∗
ab(0)
))}
+ Aab(p
2) + p2Bab(p
2)−Aab(m2νa)−m2νa Bab(m2νa)
− (p2 −m2νa)
(
A′ab(0) +Bab(0)
)
, (a 6= b), (B17)
where
Aab(p
2) =
1
32π2
m2W
Λ3LNV
(
(UTC(7))aℓUℓb + (a↔ b)
) ∫ 1
0
dx
(
(1− x)m2ℓ + xm2W
)
ln∆ℓ, (B18)
Bab(p
2) =
1
32π2
m2W
Λ3LNV
{(
(UTC(7))aℓUℓb + (a↔ b)
)∫ 1
0
dxx(1 + x) ln∆ℓ
+
(
(C(7)U)ℓaUℓb + (a↔ b)
) ∫ 1
0
dxx ln∆ℓ
}
, (B19)
A′ab(p
2) =
dAab
dp2
, (B20)
B′ab(p
2) =
dBab
dp2
. (B21)
Masses of charged leptons mℓ and those of neutrinos mνa are smaller than that of the weak
bosons mW , so that the leading term of Σ
L
ab(✁p) is given by
ΣLab(✁p) ≃ −
1
16π2
Uℓa
CLℓℓ′
Λ
Uℓ′b f
(
p2
m2W
)
, (B22)
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where
f(x) =
1
36x2
(
x(6 + 57x− 97x2) + 6(1− x)2(11x+ 1) ln(1− x)
)
. (B23)
and Eq. (6) is used. The formula in Eq. (B22) are that in Eq. (17) in Sec. III.
Next, we show the renormalization of two-point functions of neutrinos which are generated
by dimension-nine operators in Eq. (7). We use the following renormalized operators;
Ltree = 1
2
νa
(
i✓∂ −mνa
)
νa +
e√
2sw
(
U∗ℓa νa γ
µ PL ℓW
+
µ + Uℓa ℓ γ
µ PL νaW
−
µ
)
+
[
− e
2
8s2w
v4
Λ5LNV
C
(9)
ℓℓ′ ℓ
c PR ℓ
′W+µ W
+µ +
iv2
4
F
′(7)
ℓℓ′ U
∗
ℓ′aℓ γ
µ PR νaW
−
µ + h.c.
]
, (B24)
where the mass matrix of Majorana neutrinos mνa is generated by the Weinberg operator
as in Eq. (B2). The LNV operators proportional to C
(9)
ℓℓ′ and their hermitian conjugations
are generated by the dimension-nine operators in Eq. (7) , which are the origin of the
ℓ±ℓ′±W∓W∓operators with right-handed leptons. The LNV operators proportional to F ′(7)ℓℓ′
are generated by the operators in Eq. (21). The LNV operators from Eq. (7) generate Ma-
jorana masses of neutrinos at two-loop level, while those from Eq. (21) do Majorana masses
of neutrinos at one-loop level. Counter terms which are needed to eliminate divergences in
two-point functions of neutrinos are given by
Lcounter = i
2
(
δ1Zab + δ
2Zab
)
νa✓∂ PL νb +
1
2
(
δ1mab + δ
2mab
)
νa PL νb
+
1
2
δ1F ′aℓ νa γ
µ PL ℓW
+
µ + h.c., (B25)
where δ1Zab, δ
1mab and δ
1F ′aℓ are O(~), and δ2Zab and δ2mab areO(~2) coefficients of counter
terms. The coefficients δ1Zab, δ
1mab, δ
2Zab and δ
2mab satisfy the relations
δ1Zab = (δ
1Zba)
∗, δ2Zab = (δ
2Zba)
∗, (B26)
δ1mab = δ
1mba, δ
2mab = δ
2mba. (B27)
At one-loop level, two-point functions of neutrinos are generated via the operators
which are proportional to F
′(7)
ℓℓ′ . The Feynman diagrams are shown in Fig. 3. In the
’tHooft-Feynman gauge, the renormalized amputated two-point functions at one-loop level
iΣ1−loopab (✁p) are given by
iΣ1−loopab (✁p) = iΣ
L,1−loop
ab (✁p)PL + i
(
ΣL,1−loopab (✁p)
)∗
PR, (B28)
30
where
ΣL,1−loopab (✁p) = Σ˜
L,1−loop
ab (p
2) + δ1m˜ab + δ
1Z˜ab ✁p, (B29)
Σ˜L,1−loopab (p
2) = − iv
3
√
2
(
e
sw
)2 {
(UTF ′(7))aℓmℓUℓb + (a↔ b)
}
×
∫ 1
0
dx
∫
k
1
(k2 +∆ℓ)2
, (B30)
∆ℓ = (1− x)m2ℓ + xm2W − x(1− x)p2, (B31)
δ1Z˜ab =
1
2
(δ1Zba + δ
1Z∗ab), (B32)
δ1m˜ab =
1
2
(δ1mab + δ
1mba). (B33)
In order to determine the coefficients of counter terms δ1m˜ab and δ
1Z˜ab, we impose the
following on-shell conditions [69, 70];
mνbδ
1Z˜ba = −Σ˜L,1−loopab (m2νb)− δ1m˜ab. (B34)
δ1Z˜aa = −2Re
 dΣ˜L,1−loopaa
dp2
∣∣∣∣∣
p2=m2νa
 . (B35)
Then, ΣL,1−loopab (✁p) in Eq. (B29) are given by
ΣL,1−loopaa =− 2mνa(✁p−mνa)Re
[
dGaa
dp2
∣∣∣∣
p2=m2νa
]
+Gaa(p
2)−Gaa(m2νa), (B36)
ΣL,1−loopab =
✁p−mνa
m2νb −m2νa
{
mνa
(
Gab(m
2
νa)−Gab(m2νb)
)
+mνb
(
G∗ab(m
2
νa)−G∗ab(m2νb)
)}
+Gab(p
2)−Gab(m2νa), (a 6= b), (B37)
where
Gab(p
2) =
iv3
32π2
(
e
sw
)2 {
(UTF ′(7))bℓmℓUℓa + (a↔ b)
}∫ 1
0
dx ln∆ℓ. (B38)
At two-loop level, two-point functions of neutrinos are generated via the dimension-
nine LNV operators in Eq. (7). The Feynman diagrams are shown in Fig. 2. In the
’tHooft-Feynman gauge, the renormalized amputated two-point functions at two-loop level
iΣ2−loopab (✁p) are given by
iΣ2−loopab (✁p) = iΣ
L,2−loop
ab (✁p)PL + i
(
ΣL,2−loopab (✁p)
)∗
PR, (B39)
31
where
ΣL,2−loopab (✁p) =Σ˜
L,2−loop
ab (p
2) + δ2m˜ab + δ
2Z˜ab ✁p+ δ
1F˜ ′ab,ℓIℓ(p
2), (B40)
Σ˜L,2−loopab (p
2) =
v4
8Λ5LNV
(
e
sw
)4 (
C
(9)
ℓℓ′ + C
(9)
ℓ′ℓ
)
Uℓa Uℓ′bmℓmℓ′Iℓ(p
2) Iℓ′(p
2) (B41)
with
Iℓ(p
2) =
∫ 1
0
∫
k
1
(k2 +∆ℓ)2
, (B42)
∆ℓ =(1− x)m2ℓ + xm2W − x(1− x)p2, (B43)
δ2Z˜ab =
1
2
(δ2Zba + δ
2Z∗ab), (B44)
δ2m˜ab =
1
2
(δ2mab + δ
2mba), (B45)
δ1F˜ ′ab,ℓ =− 2
√
2
(
e
sw
){
δ1F ′bℓmℓUℓa + iδ
1F ′aℓmℓUℓb
}
. (B46)
The term proportional to δ1F˜ ′ab,ℓ comes from Feynman diagrams in Fig. 15, which are gen-
erated via the counter term proportional to δ1F ′aℓ. We here assume that coefficients of the
other counter terms, for example coefficients for wave function renormalization of the weak
bosons or charged leptons, are zero because they do not need to eliminate divergences.
νa νb νa νb
νa νb νa νb
W± W±
W± W±
ℓ ℓ
ℓ ℓ
FIG. 15. Feynman diagrams for two-point functions of neutrinos via the counter term of the
dimension-seven operators in Eq. (21).
We impose the following on-shell conditions [69, 70];
mνbδ
2Z˜ba =− Σ˜L,2−loopab (m2νb)− δ2m˜ab − δ1F˜ab,ℓ Iℓ(m2νb), (B47)
δ2Z˜aa =− 2mνa Re
(dΣ˜L,2−loopaa
dp2
+ δ1F˜ ′ab,ℓ
dIℓ
dp2
)∣∣∣∣∣
p2=m2νa
 . (B48)
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We cannot determine all coefficients of counter terms with only the on-shell conditions, so
that we impose the additional condition,
d
dp2
(
Σ˜L,2−loopab (p
2) + δ1F ′ab,ℓ Iℓ(p
2)
)∣∣∣∣
p2=0
= 0. (B49)
Then, ΣL,2−loopab (✁p) in Eq. (B40) are given by
ΣL,2−loopaa (✁p) =− 2mνa(✁p−mνa) Re
[
Aℓℓ
′
aa I
′
ℓ(m
2
νa)
(
Iℓ′(m
2
νa)− Iℓ′(0)
)]
+ Aℓℓ
′
aa
(
Hℓℓ′(p
2)−Hℓℓ′(mν2a)
)
, (B50)
ΣL,2−loopab (✁p) =
✁p−mνa
m2νb −m2νa
[
Aℓℓ
′
ab mνa
(
Hℓℓ′(m
2
νa)−Hℓℓ′(m2νb)
)
+ (Aℓℓ
′
ab )
∗mνb
(
Hℓℓ′(m
2
νa)−Hℓℓ′(m2νb)
)∗]
+ Aℓℓ
′
ab
(
Hℓℓ′(p
2)−Hℓℓ′(m2νa)
)
, (a 6= b), (B51)
where
Aℓℓ
′
ab =
v4
8Λ5LNV
(
e
sw
)4 (
C
(9)
ℓℓ′ + C
(9)
ℓ′ℓ
)
Uℓa Uℓ′bmℓmℓ′ , (B52)
Hℓℓ′(p
2) =(Iℓ(p
2)− Iℓ(0))(Iℓ′(p2)− Iℓ′(0)), (B53)
I ′ℓ(p
2) =
dIℓ
dp2
. (B54)
Masses of charged leptons mℓ and neutrinos mνa are smaller than that of the weak bosons
mW , so that the leading terms of Σ
1−loop
ab (✁p) and Σ
2−loop
ab (✁p) are give by
ΣL,1−loopab (✁p) ≃−
iv3
32π2
(
e
sw
)2 {
(UTF ′(7))bℓmℓ Uℓa + (U
TF ′(7))aℓmℓ Uℓb)
}
g
(
p2
m2W
)
, (B55)
ΣL,2−loopab (✁p) ≃−
1
128π4
(
e
sw
)2
CRℓℓ′
Λ
Uℓa Uℓ′bmℓmℓ′
{
g
(
p2
m2W
)}2
, (B56)
where
g(x) = 1 +
(1− x)
x
ln(1− x), (B57)
33
and Eq. (9) is used. The sum of Eq. (B55) and Eq. (B56) is Eq. (22) in Sec. III.
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